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The quantum nonlocality is limited by relativistic causality, however, the reason is not fully un-
derstood yet. The relativistic causality condition on nonlocal correlations has been usually accepted
as a prohibition of faster-than-light signaling, called no-signaling condition. We propose another
causality condition from the observation that space-like separate events should have no causal re-
lationship. It is proved that the new condition is stronger than no-signaling condition for a pair of
binary devices. We derive the standard probability assignment rule, so-called Born rule, on quantum
measurement, which determines the degree of quantum nonlocality, by using relativistic causality
constraint. This shows how the causality limits the upper bound of quantum nonlocality through
quantum probability assignment.
PACS numbers:
INTRODUCTION
The compatibility between nonlocality in quantum me-
chanics and causality in special relativity is a fundamen-
tal question but not fully understood yet. Quantum non-
locality manifests itself in the correlations of local mea-
surement outcomes on an entangled state shared between
two space-like separate parties, Alice and Bob [1]. A lo-
cal measurement on one state of entangled pair by Alice
(Bob) influences the other state of Bob (Alice) instan-
taneously in the standard quantum physics because no
physical processes are suggested in quantum measure-
ment postulates. An important question is whether the
hypothetical influence between the space-like separate
pair can violate (relativistic) causality. The causality has
been considered as a prohibition of faster-than-light sig-
naling, which is called ’no-signaling’ condition. Bancal
et al. have shown that for any finite speed hypothetical
influences, faster-than-light communication can be built
[2]. According to their results, only when the speed of
the hypothetical influence is infinite, the quantum non-
locality can be reconciled with no-signaling condition.
Recent experiments determined that the lower bound of
the speed of the hypothetical influence has to exceed the
speed of light by at least four orders of magnitude [3, 4].
Those results suggest that the speed of the hypothetical
influence would be infinite so that quantum nonlocality
satisfies no-signaling condition.
Another important question is whether quantum cor-
relation gives the maximum nonlocality among the
nonlocal correlations that satisfy the causality. The
amount of nonlocality can be demonstrated by a violation
of the Clauser-Horne-Shimony-Holt (CHSH) inequality,
bounded by 2 in any local classical theory [5]. The
upper bound of quantum correlations, which is known
as Tsirelson’s bound, is BQ = 2
√
2 [6]. Popescu and
Rohrlich found the surprising result that the nonlocality
of quantum correlation is not maximum and the maxi-
mum upper bound, which satisfies no-signaling condition,
is 4 [7]. As a result, they have shown the existence of
’superquantum’ correlations that are more nonlocal than
quantum correlations. Several attempts to explain the
reason why post-quantum theory, which has superquan-
tum correlations, was not found in nature have been pro-
posed [8–13]. However, this problem is still an open ques-
tion.
Bell theorem [1] implies that any nonlocal theory,
which satisfies no-signaling condition, should not be de-
terministic. The indeterminacy of quantum theory is
implemented by the probabilistic outcomes in the mea-
surement through the collapse of a quantum state into
an eigenstate of an observable. The measurement pos-
tulate in the standard quantum mechanics states that
the probabilistic assignment to measurement outcomes
is governed by Born rule [14]. At this stage we naturally
ask a question: Can any nonlocal theory, which has su-
perquantum correlations and preserves causality, be con-
structed just by imposing other probability assignment
on quantum measurement than Born rule? As Pospes-
cue and Rorhlich have shown, the change of probability
assignments to correlations could provide more nonlo-
cality than quantum correlations. Hence other proba-
bility assignment on quantum measurement than Born
rule will provide new nonlocal correlations. The issues
are whether the exact form of quantum probability as-
signment can be found by imposing causality condition
and it is Born rule. The no-signaling condition will be
shown not tight enough to answer this question. Hence,
the stronger condition as a causality constraint than no
signaling condition is necessary to determine the explicit
form of quantum probability assignment. We will pro-
pose new causality condition by the observation that the
causality cannot be imposed between space-like separate
events in special relativity. The new causality condition
will be proved to be stronger than no-signaling condition
between a pair of nonlocal binary devices. That is, the
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2new causality condition is a sufficient but not a neces-
sary condition for no-signaling condition between a pair
of nonlocal binary devices. We will show that Born rule is
the unique probability assignment rule on quantum mea-
surement by using the new causality condition. This fact
implies that a nonlocal theory with superquantum corre-
lations cannot be obtained by the modification of quan-
tum probability assignment from the standard quantum
theory.
RESULTS
Relation between two causality conditions
First, we will establish the relationship between no-
signaling condition and the new causality condition. The
no-signaling condition, which requires that no signal can
be transmitted faster than light, is usually accepted as
the requirement of the causality because a faster-than-
light signal could be used to send an information back to
past in special relativity, that definitely violates causal-
ity. We propose another condition, we call ’no-causal-
order’ condition, as the requirement of causality from
the observation that a causal order is based on temporal
order, which requires that ’cause’ has to precede ’effect’
for every observer. In special relativity, a causal relation
of ’cause’ and ’effect’ could be established between two
events, only when the two events are either light-like or
time-like separated such that the time sequence of ’cause’
and ’effect’ is absolute because any Lorentz transforma-
tion cannot invert their time order. That is, the event
’effect’ has to be either on the future light cone or inside
the future light cone of the event ’cause’. And conversely,
the event ’cause’ should be either on the past light cone
or inside the past light cone of event ’effect’. However,
the time sequence of any two space-like separated events
could be changed according to the motion of an observer.
This is because there is no absolute global time in spe-
cial relativity, on which every observer agrees. Hence
relativistic causality requires no causal relationship be-
tween a pair of space-like separated events. To our best
knowledge, the constraint on the correlations of a pair of
space-like separated events imposed by the requirement
of no causal relationship did not formulated yet. The no-
causal-order condition is motivated by this observation.
We will define no-causal-order condition specifically for
a pair of nonlocal devices with binary inputs and outputs
shared by Alice and Bob. Here we assume that Alice and
Bob are at rest with respect to each other for simplicity
without loss of generality. An input and an output of
Alice’s device are x and a, respectively, and y and b for
Bob’s device as in Fig. 1 in Methods. That is, the mea-
surement outcome of Alice’s (Bob’s) device with input x
(y) is a (b). The correlations between two devices are
described by the joint probability distributions of out-
comes a and b for inputs x and y. We also assume that
the measurement events of Alice and Bob are space-like
separated. Let us consider an observer O who observes
the operations (measurements) of Alice and Bob. In spe-
cial relativity, even though there is no absolute global
time, observer-dependent global time can be well defined.
This means that for an observer O the temporal order of
measurement events of Alice and Bob is clearly deter-
mined in O’s own reference frame even though the two
events are space-like separated. The following two pos-
sible temporal orders of the measurements of Alice and
Bob for the observer O will be considered. First one is
that Alice’s measurement precedes Bob’s measurement
for the observer O, which we call Alice-first measure-
ment. Second one is that the temporal order of Alice’s
and Bob’s measurements is reverse for the observer O,
which is called Bob-first measurement. A simultaneous
measurements of Alice and Bob is not considered here
because it is irrelevant to investigate the causality. Let
the joint probabilities of outcomes (a, b) for inputs (x, y)
in Alice-first (Bob-first) measurement for the observer O
be PA(ab|xy) (PB(ab|xy)) with the subscript A (B). To
show different joint probabilities PA(ab|xy) 6= PB(ab|xy),
the two nonlocal devices operate by two different phys-
ical processes depending on the temporal order of two
input operations. That is, the physical process A oper-
ates in Alice-first measurement but the different physical
process B operates in Bob-first measurement. Let us
consider another observer O′ in another reference frame,
who sees the reversed temporal sequence between Alice’s
and Bob’s operation to the temporal order observed by
O. When the observer O observes Alice-first measure-
ment and the process A, the observer O′ observes Bob-
first measurement and the process B. This requires the
equality of joint probabilities PA(ab|xy) and PB(ab|xy)
because the physical process is independent on the refer-
ence frame in special relativity. This equality implies that
Alice-first and Bob-first measurements could not be dis-
tinguished so that no causal relation can be established
between two space-like separated events of Alice and Bob.
Therefore, we define the so-called ’no-causal-order con-
dition’ between the joint probability distributions of two
space-like separated operations of nonlocal devices as
PA(ab|xy) = PB(ab|xy) = P (ab|xy). (1)
Notice that the usage of different subscripts ’A’ and ’B’ in
joint probabilities PA(ab|xy) and PB(ab|xy) according to
the temporal order of measurements are necessary even
though no-causal-order condition requires that they are
equal, because it is natural for nonlocal devices to show
different input-output correlations depending on the tem-
poral order of operations and the equality of two joint
probabilities PA(ab|xy) and PB(ab|xy) are required by
another physical context, relativistic causality. Notice
also that this no-causal relationship includes the local
measurement condition that the result of a local mea-
3surement at one position must solely determined by lo-
cal information at that position. The local measurement
condition is written as PA(a|x) = PB(a|x). This condi-
tion can be rewritten as PA(a|x) =
∑
b,y PA(ab|xy)/2 =
PB(a|x) =
∑
b,y PB(ab|xy)/2 by using our joint probabil-
ity notation. Then one can easily checked that no-causal-
order condition leads the locality condition.
Now we will investigate the relations between no-
signaling and no-causal-order conditions. To study the
relations, no-signaling condition has to be rewritten with
the subscripts ’A’ and ’B’ to denote whose measurement
is the first one, because in our treatment the joint prob-
abilities for a pair of events would be different according
to the temporal order of the events until no-causal-order
condition is invoked. No-signaling condition requires that
the probabilities of outcomes of a receiver must be the
same independent on the choice of inputs of a sender.
Let us suppose that Alice (sender) tries to send a sig-
nal to Bob (receiver), then no-signaling condition in our
denotation becomes
PA(b|0y) =
∑
a∈{0,1}
PA(ab|0y) (2)
=
∑
a∈{0,1}
PA(ab|1y) = PA(b|1y),
for b, y ∈ {0, 1}. PA(b|xy) is the marginal proba-
bility of Bob’s input y and outcome b for Alice’s in-
put x and the subscript A denotes Alice-first measure-
ment. The above formula implies that the probability
of measurement outcome b of Bob with his input y is
not dependent on whether Alice’s input is either 0 or
1. Hence if Bob is a sender, the no-signaling condition
becomes PB(a|x0) = PB(a|x1), for a, x ∈ {0, 1}. We
will show that no-causal-order condition is stronger than
no-signaling condition between a pair of binary nonlocal
devices by proving the following proposition.
Proposition: Between a pair of nonlocal binary de-
vices, no-causal-order condition PA(ab|xy) = PB(ab|xy)
is a sufficient, but not a necessary, condition for no-
signaling condition PA(b|0y) = PA(b|1y) and PB(a|x0) =
PB(a|x1).
Proof.- The proposition implies whenever no-causal-
order condition is satisfied, no-signaling condition will
also be satisfied (sufficient), but even if no-signaling con-
dition is satisfied, no-causal-order condition will not al-
ways be satisfied (not necessary). We will first prove the
sufficient condition, which can be rewritten with the fol-
lowing logically equivalent proposition (contrapositive):
If no-signaling condition is not satisfied, then no-causal-
order condition cannot be satisfied. Since it is assumed
that no-signaling condition is not satisfied, a superlumi-
nal signal can be sent from a sender to a receiver. Let
us suppose that Alice and Bob are a sender and a re-
ceiver, respectively, for clarity. Alice is able to send a
superluminal signal to Bob by using her choice of inputs
of her measurement in Alice-first measurement. After
Alice’s measurement, Bob can receive a signal, which
is encoded in Alice’s input, by measuring the different
probabilities for his input y and outcome b depending
on Alice’s inputs, i.e., by using PA(b|0y) 6= PA(b|1y).
Now we are supposed to prove that this breakdown of no-
signaling condition will lead to the breakdown of the no-
causal-order condition. We will prove it by contradiction:
First, we assume that no-causal-order condition is satis-
fied, and then show that the consequences of this assump-
tion will give a contradiction. The no-causal-order condi-
tion requires that the probability distributions of Alice-
first and Bob-first measurements are the same, that is,
PA(b|0y)=PB(b|0y) and PA(b|1y)=PB(b|1y). This condi-
tion derives the inequlity, PB(b|0y) 6= PB(b|1y) in Bob-
first measurement, which implies that the probabilities of
Bob’s measurement with the input and output pair (y, b)
depend on whether Alice’s input is 0 or 1. In Bob-first
measurement, Alice’s inputs are not determined yet, so
PB(b|0y) 6= PB(b|1y) implies that Alice can send a super-
luminal signal from future to past. The possibility of a
bi-directional signaling in time gives a contradiction (Ap-
pendix). Hence no-causal-order condition should not be
satisfied when no-signaling condition is not satisfied. We
have proved that no-causal-order condition is a sufficient
condition for no-signaling condition.
Next we will prove that no-causal-order condition is
not a necessary condition for no-signaling condition.
We will prove this statement by providing an example,
in which the joint probability distributions satisfy no-
signaling condition but not no-causal-order condition.
Let us consider an example of the nonlocal binary de-
vices, which have the joint probabilities for input and out-
put pairs of Alice and Bob as in Table I: The devices op-
erate as the PR box in Alice-first measurement such that
the joint probabilities are PA(ab|xy) = 1/2 if a⊕ b = xy,
and 0 otherwise. Here ⊕ denotes an addition modulo 2.
The same devices show anti-PR box correlations in Bob-
first measurement, defined by PA(ab|xy) = 0 if a⊕b = xy,
and 1/2 otherwise. These devices definitely violate no-
causal-order condition because PA(ab|xy) 6= PB(ab|xy).
It is easy to check that the joint probability distributions
of PR box and anti-PR box in Table I both satisfy no-
signaling conditions that are PA(b|xy) = PA(b|x˜y) and
PB(a|xy) = PB(a|xy˜). The tilde operation is defined as
x˜ = x+ 1 and y˜ = y+ 1 modulo 2. The above arguments
prove that no-causal-order condition is not a necessary
condition for no-signaling condition. Q.E.D.
According to the Proposition, no-causal-order condition
is stronger than no-signaling condition between a pair of
nonlocal binary devices. Hence we will impose no-causal-
order condition on probability assignments to quantum
measurement of a pair of qubits as the requirement of
relativistic causality.
4a b x y PA(ab|xy) PB(ab|xy)
0 0 0 0 1
2
0
0 1 0 0 0 1
2
1 0 0 0 0 1
2
1 1 0 0 1
2
0
0 0 0 1 1
2
0
0 1 0 1 0 1
2
1 0 0 1 0 1
2
1 1 0 1 1
2
0
0 0 1 0 1
2
0
0 1 1 0 0 1
2
1 0 1 0 0 1
2
1 1 1 0 1
2
0
0 0 1 1 0 1
2
0 1 1 1 1
2
0
1 0 1 1 1
2
0
1 1 1 1 0 1
2
TABLE I: Probability distributions for Alice-first and Bob-
first measurement is determined by those of PR box and Anti-
PR box, respectively.
Derivation of Born rule
The nonlocality of standard quantum physics is
bounded by 2
√
2 in CHSH correlation. Let us inves-
tigate whether new nonlocal theories with superquan-
tum correlations could be obtained by generalizing the
quantum probability assignment, given by the Born rule
in standard quantum physics, under the requirement of
relativistic causality, i.e., no-causal-order condition. In
the standard quantum framework, a physical observ-
able A is a linear Hermitian operator with real eigenval-
ues {a1, · · · , ad} and mutually orthonormal eigenvectors
{|φ1〉, · · · , |φd〉}, where d is the dimension of a Hilbert
space. Then a general quantum state |ψ〉 is represented
as a linear superposition of eigenstates. Physical observ-
ables satisfy the following measurement postulates: i)
an outcome of a measurement is always an eigenvalue of
A. ii) The probability of an outcome ak for the initial
state |ψ〉 is obtained with f(ak) = |〈φk|ψ〉|2. iii) The
quantum state after the measurement that gives the out-
come ak reduces to the corresponding eigenstate |φk〉.
The modification of i) has nothing to do with nonlocal
correlations because correlations are implemented by an
outcome probability not by the value of an outcome itself.
The modification of iii) is not desirable because it is nat-
ural for physical systems that sequential measurements
without any perturbation would give the same measure-
ment results for the same observable A. Hence we will
focus on a possible generalization of the quantum proba-
bility assignment of postulate ii), which is known as Born
rule, under the constraint of no-causal-order condition.
Let us define the generalized probability assignment
rule on a state in a two-dimensional Hilbert space. We
consider a qubit, which is given by the state |φ〉 =
c|0〉z+d|1〉z, where |c|2+|d|2 = 1 and |0〉z and |1〉z denote
eigenvectors of an input (observable) z which has eigen-
values 0 and 1, respectively. For our purpose, it is enough
to consider a pure state, because the mixed state is just
a statistical mixture of pure states. The probability as-
signment for quantum measurement on the state |φ〉 can
be generalized from Born rule by applying an arbitrary
non-negative real function H(c) of complex number c to
the measurement probability P (0|z) of the outcome 0 for
the input z, i.e., H(c) = P (0|z). The other measurement
probability P (1|z) for the same input z and the output
1 can be determined by the normalization of probability
as P (1|z) = H(d) = 1 −H(c). Note that H(0) = 0 and
H(u) = 1, where u is a unit modulus complex number,
because the initial states in these cases are described by
one eigenvector. Born rule corresponds to H(c) = |c|2.
We will apply the same generalized probability assign-
ment rule to both Alice’s and Bob’s measurements, be-
cause there is no reason to distinguish Alice’s and Bob’s
qubits and measurements.
Here we consider the non-negative function H(c) as
a function H(|c|2) of the absolute value squared |c|2 for
clear understanding of the essential context. The deriva-
tion for the general non-negative real function H(c) of
c is given in Appendix. We will consider a pair of en-
tangled qubits because this is a minimal case, which has
nonlocal quantum correlations, to signal each other be-
tween two parties. We will show that Born rule is derived
by requiring no-causal-order condition on the new quan-
tum correlations generated by the generalized quantum
probability assignment.
Alice and Bob are supposed to share the following gen-
eral state for a pair of entangled qubits described by
|ψ〉AB = α1|0〉x=0|0〉y=0 + α2|0〉x=0|1〉y=0 (3)
+ α3|1〉x=0|0〉y=0 + α4|1〉x=0|1〉y=0,
where |α1|2 + |α2|2 + |α3|2 + |α4|2 = 1 and |0〉x=0, |1〉x=0,
|0〉y=0, and |1〉y=0 are the eigenvectors of Alice’s in-
put x and Bob’s input y, respectively. We will denote
|a〉x=0|b〉y=0 simply as |a〉0|b〉0. Let us first calculate
the joint probability of outcomes (0, 0) for inputs (0, 0)
in Alice-first measurement PA(00|00). The initial state
|ψ〉AB is a 4-dimensional vector not a two-dimensional
vector so that there seems to have a problem to apply
the generalized quantum probability assignment, defined
for a qubit, to Alice’s measurement. However, we can
consider the state |ψ〉AB as an effective tow-dimensional
vector by factoring with the eigenvectors of Alice’s input
observable x = 0 as
|ψ〉AB =
√
C|0〉0|Y1〉0 +
√
D|1〉0|Y2〉0, (4)
where C = |α1|2 + |α2|2 and D = |α3|2 +
|α4|2. |Y1〉0 = (α1|0〉0 + α2|1〉0)/
√
C and |Y2〉0 =
(α3|0〉0 + α4|1〉0)/
√
D are normalized states. Then the
two vectors |0〉0|Y1〉0 and |1〉0|Y2〉0 are orthogonal and
form a two-dimensional Hilbert space so that the state
5|ψ〉AB is a vector in this two-dimensional Hilbert space.
Here to represent the state |ψ〉AB , we used the eigenstates
of Bob’s input y = 0, however, the above argument is in-
dependent on the choice of Bob’s input. Hence Alice’s
measurement as the first measurement can be considered
as a measurement on a vector in two-dimensional Hilbert
space. After Alice’s measurement, the state |ψ〉AB col-
lapses either to |0〉0|Y1〉0 or to |1〉0|Y2〉0 by the quantum
measurement postulate iii) with the probabilities deter-
mined by the generalized probability assignment. That
is, the state of Bob, after the measurement of Alice with
input x = 0 and outcome 0, is projected to |Y1〉0 with
probability H(|√C|2). Then the probability of outcome
0 for Bob’s measurement on the state |Y1〉0 is determined
by H(|α1/
√
C|2), hence the joint probability of a pair of
outcomes (0, 0) for a pair of inputs (0, 0) of Alice and Bob
in the Alice-first measurement is obtained by the product
of H(|√C|2) and H(|α1/
√
C|2), i.e.,
PA(00|00) = H(|α1|2 + |α2|2)H
( |α1|2
|α1|2 + |α2|2
)
. (5)
Now let us consider Bob-first measurement, in which the
following factorization of the state |ψ〉AB is useful,
|ψ〉AB =
√
E|X1〉0|0〉0 +
√
F |X2〉0|1〉0 (6)
with E = |α1|2 + |α3|2, F = |α2|2 + |α4|2,
|X1〉0 = (α1|0〉0 + α3|1〉0)/
√
E, and |X2〉0 =
(α2|0〉0 + α4|1〉0)/
√
F . By a similar calculation to
Alice-first measurement, the joint probability of Bob-
first measurement for the same inputs (0, 0) and outputs
(0, 0) as the Alice-first measurement can be obtained as
PB(00|00) = H(|α1|2 + |α3|2)H
( |α1|2
|α1|2 + |α3|2
)
, (7)
applying the same generalized probability assignment to
Bob-first measurement.
We impose no-causal-order condition to the above re-
sults, which requires PA(00|00) = PB(00|00). This con-
dition should be satisfied for arbitrary α1, α2, α3, and
α4. By substituting 0 for α3, the equality of Eqs. (5)
and (7) gives the following relation
H(|α1|2 + |α2|2)H
( |α1|2
|α1|2 + |α2|2
)
= H(|α1|2), (8)
because H(12) = H(1) = 1. The above relation also
has to be satisfied when α1 and α2 are exchanged with
each other because of the freedom of relabeling outcomes
0↔ 1. And then we obtain the relation
H(|α1|2 + |α2|2)H
( |α2|2
|α1|2 + |α2|2
)
= H(|α2|2). (9)
By adding those two relations in Eqs. (8) and (9) we
obtain
H(C)
[
H
( |α1|2
C
)
+H
( |α2|2
C
)]
= H(|α1|2) +H(|α2|2).
The addition of two probabilities,
H (|α1|2/(|α1|2 + |α2|2)) and H (|α2|2/(|α1|2 + |α2|2)),
becomes 1 from the probability normalization because
the sum of two arguments |α1|2/(|α1|2 + |α2|2) +
|α2|2/(|α1|2 + |α2|2) is 1. Finally we get the following
relation
H(|α1|2 + |α2|2) = H(|α1|2) +H(|α2|2), (10)
which requires that the functional form of H(|c|2) should
be linear. Considering the probability normalization,
H(|c|2) is determined as H(|c|2) = |c|2, which is the Born
rule. In consequence, we have proven that no-causal-
order condition makes Born rule the only quantum prob-
ability assignment, consistent with no-causal-order con-
dition, for qubit states. The proof in higher dimensional
Hilbert space will be essentially the same because the
Hilbert space of the minimal case can always be consid-
ered as the subspace of higher dimensional Hilbert space.
Our derivation of Born rule implies that no post-quantum
theory, preserving relativistic causality, can be obtained
by generalizing probability assignment from Born rule.
Since we have derived Born rule from the generalization
of the quantum probability assignment to a function of an
arbitrary complex coefficient c in Appendix, this proof is
general in the sense that we assumed most general prob-
ability assignment by an arbitrary non-negative function
of an arbitrary complex number to quantum measure-
ment.
As a reference, we briefly show that no-signaling con-
dition cannot determine a specific form for the general
quantum probability assignment H(|c|2). To study no-
signaling condition, we have to consider Alice’s another
input x = 1. By using eigenvectors |+〉1 and |−〉1 of the
observable x = 1, the state |ψ〉AB is rewritten as
|ψ〉AB = β1|+〉1|0〉0 + β2|+〉1|1〉0 (11)
+ β3|−〉1|0〉0 + β4|−〉1|1〉0,
where |β1|2 + |β2|2 + |β3|3 + |β4|2 = 1. Then the no-
signaling condition PA(0|00) = PA(0|10) gives the rela-
tion
H(|
√
C|2)H
( |α1|2
|√C|2
)
+H(|
√
D|2)H
( |α3|2
|√D|2
)
(12)
= H(|
√
K|2)H
( |β1|2
|√K|2
)
+H(|
√
L|2)H
( |β3|2
|√L|2
)
,
where K = |β1|2 + |β2|2 and L = |β3|2 + |β4|2. This re-
lation cannot determine the form of H(|c|2), however,
one can check this relation holds for Born rule, i.e.,
H(|c|2) = |c|2, because α1|0〉0+α3|1〉0 = β1|+〉1+β3|−〉1.
DISCUSSION
In this paper, we have investigated whether a post-
quantum theory with superquantum correlations, pre-
6serving relativistic causality, can be obtained by modi-
fying the quantum theory to generalize quantum proba-
bility assignment from Born rule. We have defined the
new condition of causality, no-causal-order condition, for
space-like separated events and proved that no-causal-
order condition is stronger than no-signal condition be-
tween a pair of nonlocal binary devices.
We have proven that Born rule is the only possible
probability assignment to quantum measurement under
relativistic causality. The pair of qubits shared by two
space-like separate parties is minimal models to show
nonlocal correlations, hence this model is enough to in-
vestigate the limit on the probability assignment of quan-
tum measurement by relativity. Note that one can always
choose two orthogonal vectors to use as a qubit, at least
mathematically, in higher dimensional Hilbert space. We
have shown that no-causal-order condition derives Born
rule, but no-signaling condition cannot. This derivation
provides the understanding how relativity limits the non-
local correlations of the quantum theory described in
Hilbert space through measurement probability assign-
ment. By this work, we hope to give a hint to under-
stand the question of “Why is not quantum theory more
nonlocal?”.
APPENDIX
Contradiction of bi-directional signaling
We will show that bi-directional signaling in time pro-
vides a contradiction by using an example operation
sketched in Fig. 2. Alice and Bob share two pairs of non-
locally correlated binary devices, which are connected by
line in Fig. 2. We assume the vertical upward direc-
tion is the time direction toward future. We call first-
and second-box, respectively, according to the time se-
quence of operations. Then Alice’s first (second) Box is
correlated with Bob’s second (first) box. Let us assume
Alice and Bob put the same inputs, e.g. 0 here, to their
first-boxes. By analyzing their own outputs of the first
boxes they could know the inputs of their partner’s sec-
ond boxes because the nonlocal correlations of each pair
of box are bi-direction in time. That is, the knowledge of
inputs of future boxes can be signaled backward to the
past through nonlocally correlated boxes. Let us assume
that Alice and Bob are supposed to operate their second
boxes according to the rule that the input of Alice’s sec-
ond box is the the same as the input of Bob’s second-box
known by the backward signaling and the Bob’s input
of his second box is the opposite to the input of Alice’s
second box also known by the backward signaling. Fig. 2
shows this situation: Alice knows Bob’s input y of second
box by analyzing her first box’s outputs so that Alice put
y into her second box. On the other hand, Bob’s analysis
on his first box’s outputs informs the input x of Alice’s
first box so that Box put ∼ x = x+ 1 modulo 2 into his
second box. In order that this situation has no contra-
diction, x = y and ∼ x = y must be satisfied, which is
definitely impossible.
Hence we have shown that bi-directional signaling in-
voke a logical contradiction.
FIG. 1: A pair of nonlocal
devices
FIG. 2: The specific opera-
tion of two pairs of nonlocal
devices which shows contra-
diction.
Derivation of Born rule for general probability
assignment function H(c)
We will prove that H(c) = |c|2 by considering the no-
causal-order condition of PA(00|00) = PB(00|00). To
consider H(c) as a function of c not of |c|2, the initial
state |ψ〉AB suitable for Alice-first measurement should
be rewritten as
|ψ〉AB = c|0〉0|y1〉0 + d|1〉0|y2〉0, (13)
where c =
√|α1|2 + |α2|2eiφ, and d = √|α3|2 + |α4|2eiθ.
The states |y1〉0 = (α1|0〉0 + α2|1〉0)/c and |y2〉0 =
(α3|0〉0 + α4|1〉0)/d are easily checked to have unit
norms. Then
PA(00|00) = H(c)H
(α1
c
)
. (14)
The useful description of the initial state for Bob-first
measurement is
|ψ〉AB = e|x1〉0|0〉0 + f |x2〉0|1〉0, (15)
where e =
√|α1|2 + |α3|2eiη, and f = √|α2|2 + |α4|2eiξ.
The states |x1〉0 = (α1|0〉0 + α3|1〉0)/e and |x2〉0 =
(α2|0〉0 + α4|1〉0)/f are normalized states. Then
PB(00|00) = H(e)H
(α1
e
)
. (16)
If we let α3 = 0, the no-causal-order condition
PA(00|00) = PB(00|00) becomes
H(c)H
(α1
c
)
= H(|α1|eiη)H
(
α1
|α1|eiη
)
= H(|α1|eiη),(17)
where we have used H
(
α1/(|α1|eiη)
)
= 1 because
H(u) = 1 for a uni-modular complex number u. Us-
ing α1 and α2 exchange symmetry, the relation in Eq.
(17) becomes
H(c)H
(α2
c
)
= H(|α2|eiη˜), (18)
7where the argument η˜ is defined similar to η.
By addition of two Eqs. (17) and (18), we obtain
H(c)
[
H
(α1
c
)
+H
(α2
c
)]
= H(|α1|eiη) +H(|α2|eiη˜).(19)
Because H(α1/c) +H(α2/c) = 1, the above relation be-
comes
H(c) = H(
√
|α1|2 + |α2|2eiφ) = H(|α1|eiη) +H(|α2|eiη˜).(20)
This equation must satisfy for arbitrary α1, α2, φ, η, and
η˜ so that by letting α1 = 0 we obtain
H(|α2|eiφ) = H(|α2|eiη˜). (21)
To satisfy this relation for arbitrary φ and η˜, the function
H(c) of c should not be a function of an argument of c,
but the absolute value of |c|. Eq. (20) requires that the
functional form of H(c) should be |c|2, which is Born rule.
Q.E.D
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